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Quality/Value Relationship for Imperfect Information in the

RICHARD W. KATZ and ALLAN H. MURPHY *

The so-called umbrella problem (or cost-loss ratio situation),
in which an individual must decide whether to take an um-
brella in the face of uncertainty concerning whether it will
rain today, is sometimes used as a textbook example of
decision making under uncertainty. This problem is ex-
tended to provide a simple demonstration of the way in
which the economic value of imperfect information changes
as its quality increases.

KEY WORDS: Cost-loss ratio situation; Decision analysis;
Forecasting; Value of information.

1. INTRODUCTION

To demonstrate the principles of decision making under
uncertainty, textbooks sometimes rely on the so-called um-
brella problem (e.g., Lindgren 1968; Winkler 1972). This
term refers to the situation in which an individual must
decide whether to take an umbrella in the face of uncertainty
concerning whether it will rain today. Moreover, another
version of this problem, known as the cost-loss ratio situ-
ation, is frequently treated in the meteorological literature
in assessing the economic value of weather forecasts (e.g.,
Murphy 1977; Murphy, Katz, Winkler, and Hsu 1985). In
this version of the umbrella problem, the individual must
choose between two possible actions, say a, (take umbrella)
or ay (do not take umbrella). The random variable © rep-
resenting the weather has two possible states, say O = 1
(rain) or © = 0 (no rain). If the umbrella is taken, then
the decision maker incurs a cost C, whereas if the umbrella
is not taken and it does rain, a loss L is incurred. We take
0 < C < L in order to treat a problem with a nontrivial
solution.

The decision maker’s task is to select the action that
minimizes the expected expense (equivalent to maximizing
expected return and to maximizing expected utility for a
risk-neutral decision maker). This expectation is taken with
respect to the information that is available about the like-
lihood of rain. Such information could range from simply
a single prior probability of rain, based on historical ob-
servations and commonly termed ‘“climatological” infor-
mation in the meteorological literature, to imperfect weather
forecasts specifying a conditional probability of rain that
varies from day to day, to perfect information specifying
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Umbrella Problem

(with probability 1) that rain will or will not occur on a
given day. Information is of value only insofar as it changes
the actions that the decision maker takes, leading to a re-
duction in the expected expense relative to the situation in
which the information is not available. For a particular form
of imperfect information, we show the way in which the
economic value of the information changes as its quality
increases.

2. INFORMATION

Climatological (or prior) information consists of a single
probability of rain, say 7 = Pr{© = 1}, that is available
to the decision maker each day. Imperfect information about
O is assumed to consist of the random variable Z, indicating
a forecast of rain (Z = 1) or of no rain (Z = 0). We denote
the conditional (or posterior) probabilities of rain by

pr=P{® = 1|Z =1}, po=Pr{6 = 1|Z = 0}.
@.1)

Without loss of generality, we assume that these probabil-
ities satisfy the ordering 0 < p, = 7 < p; = 1. The pre-
dictive (or marginal) probability of a forecast of rain, say
pz = Pr{Z = 1}, is related to the climatological and con-
ditional probabilities of rain by

pz = (m — po)/(p1 — Po) (2.2)

for p; > po. This form of imperfect information can be
viewed as being derived from a 2 X 2 contingency table
that records past rainfall forecasts and observations. Alter-
natively, it could be viewed as a special case of probabilistic
forecasts in which only two possible probabilities of rain
are ever used.

3. VALUE OF INFORMATION

The economic value of imperfect forecasts is measured
relative to the situation in which the decision maker has
only climatological information available (e.g., Winkler and
Murphy 1985). Let E and E denote the minimal expected
expenses associated with climatological information and im-
perfect forecasts, respectively. Then the value of imperfect
forecasts, say Vi, is given by V. = E. — Ep, that is, the
difference in expected expenses depending on whether or
not the forecast variable Z is considered. From a general
result of Blackwell (1953) concerning the comparative value
of experiments (see also Hilton 1981), V. = 0. The fact
that imperfect information cannot have negative economic
value is also related to notions of refinement and sufficiency
(e.g., DeGroot and Fienberg 1982, 1986; Vardeman and
Meeden 1983). The economic value of information can, of
course, be interpreted as the maximal amount that a decision
maker is willing to pay for its receipt.
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For the case of climatological information alone, a com-
parison of expected expenses (7L if action qq is taken and
C if action a, is taken) implies that an umbrella should be
taken if 7= > C/L (hence the name cost-loss ratio situation).
In particular, the minimal expected expense is

E. = wL ifm=CIL
=C ifr=CIL. 3.1

For the case of imperfect forecasts, the determination of
an optimal policy and the minimal expected expense is ac-
complished in an analogous manner. It is evident that taking
an umbrella is optimal if Pr{® = 1|Z} > C/L. Clearly, if
po > C/L or if p; < C/L, the optimal policy using the
forecasts is identical to that for climatological information;
thus the minimal expected expenses are the same (i.e., Vp
= (). Only when p, < C/L < p, will there be a difference
in optimal policies. Under this condition, an umbrella should
only be taken when rain is forecast (i.e., Z = 1) and

Er = (1 — pz)poL + p,C. (3.2)

Taking the difference in expected expenses [(3.1) minus
(3.2)],

Ve = (1 =pz)(C — polL)

= (m=po)L — pz(C—pol) if m=C/L=p,.
3.3)

fpop=C/L=nw

4. QUALITY OF INFORMATION

The expression (3.3) for the value of imperfect forecasts
depends on two parameters, p, and p,, related to the char-
acteristics of the forecasts [recall that the parameter p, is
redundant by (2.2)]. To simplify matters further, the relative
frequency with which rain is forecast might be constrained

0.25 ,
(@) m=C/L

(1-m)(C/L)

/

RELATIVE VALUE v

Slope= (I- 1)

(m-C/sL)/m

RELATIVE QUALITY q

to equal the relative frequency of rain; that is, consider the
case in which

This constraint implies that
po = (1 — p)mi(l — m). 4.2)

So the parameter p; (7 = p; = 1) completely determines
the characteristics of the imperfect forecasts. In particular,
climatological and perfect information are the special, lim-
iting cases of imperfect forecasts in which p; = 7 and p,
= 1, respectively.

It is sometimes convenient to consider a linear transfor-
mation of p;; namely,

q=(pr — m/1 - m). (4.3)

Note that 0 = g = 1, with ¢ = 0 for climatological infor-
mation and g = 1 for perfect information. Hence we regard
q as a relative measure of the “quality” of imperfect fore-
casts. In particular, it is straightforward to show that g is
the ordinary correlation coefficient between O and Z. The
expected Brier score, as well as its decomposition into cal-
ibration and refinement components (Blattenberger and Lad
1985; DeGroot and Fienberg 1982, 1986), can also be ex-
pressed in terms of the square of ¢. It is important to observe
that the parameters p; and g depend only on the probabilistic
characteristics of the weather event and forecasts, not on
any economic parameters involved in the consequences of
the umbrella decision-making problem (i.e., C and L).

5. QUALITY/VALUE RELATIONSHIP

Using (4.1) and (4.2), the expression (3.3) for the value
of imperfect forecasts simplifies to

025 —
(b) m<C/L

m(I-C/L)

Slope=7 (I-)

RELATIVE VALUE v

(C/L-m/(1-m)

RELATIVE QUALITY g

Figure 1. Quality/Value Relationship: Relative Economic Value as a Function of Relative Quality of Imperfect Weather Forecasts.
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Ve =10 if 7 < p, = p¥

=wL(py —p}) ifpf=p =1, (5.1
where

pf =1- (€A — m)/m

if m= C/L

= C/L if m=C/L. (5.2)

Note that in the 7 = C/L case, p¥ is the value of p, for
which p, = C/L. Equations (5.1) and (5.2) express eco-
nomic value Vy as a simple function of the conditional
probability of rain p;.

Figure 1 shows the corresponding relationship between
relative value, v = Vp/L say, and relative quality ¢. Up to
a certain quality threshold, forecasts are of no economic
value because the action that is optimal remains the same
as when only climatological information is available. Above
this threshold, the economic value of the forecasts increases
linearly until the upper limit of perfect information is reached.
The quality threshold depends on the relative distance be-
tween the cost-loss ratio C/L and the climatological prob-
ability of rain 7, with no threshold only in the special case
of m = C/L. The slope of the linear increase in relative
economic value above the quality threshold is simply var(O),
which is a maximum when 7 = .5. The relative economic
value of perfect information depends on both 7 and C/L
and can never exceed .25.

6. CONCLUDING REMARKS

A closed-form expression for the relationship between
the quality and economic value of imperfect forecasts in the
umbrella problem has been presented. This result provides
a simple example of the nonlinear nature of the relationship
and how, in particular, imperfect information of limited
quality may be of no value to a decision maker. Although
the umbrella problem is certainly an oversimplified deci-
sion-making model, the quality/value relationship obtained
is quite suggestive of results that can be derived for more
complex models.

For instance, a dynamic version of the cost-loss ratio
situation in which it is assumed that the loss L can be
incurred at most once could be considered. If the criterion
of minimizing the total expected expense over a finite ho-

rizon is adopted, then the quality/value relationship still
includes a quality threshold below which the value of fore-
casts is 0. Above this threshold, economic value follows a
piecewise linear convex curye, with the number of linear
segments increasing as the number of occasions on which
decisions are made increases (Murphy et al. 1985). If the
criterion of minimizing the total discounted -expected ex-
pense over an infinite horizon is adopted, then economic
value follows a continuous convex curve above a quality
threshold (Katz and Murphy 1987).
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